
Polynomial Functions          Name_____________________ 

Honors Precalculus 

 

Review from Advanced Algebra: 

 

End Behavior  

The direction of the polynomial when 𝑥 → +∞ and 𝑥 → −∞ 

 

 Lead coefficient, 𝑎, is positive Lead coefficient, 𝑎, is negative 

Largest degree, 𝑛, 
is even 

Starts high, ends high          

           𝑦 = 𝑥2                        

Starts low, ends low   

                 𝑦 = −𝑥2                   

Largest degree, 𝑛, 
is odd 

Starts low, ends high   

           𝑦 = 𝑥                             

Starts high, ends low   

                  𝑦 = −𝑥                     

 

Number of Turning Points  

Number of times that a polynomial changes direction is 𝑛 − 1, or that number decreased by multiples of 2.  

 

Example:  Find the end behavior and number of possible turning point for the following polynomials. 

𝑓(𝑥) = 4𝑥5 + 8𝑥3 − 2𝑥2 + 10     End behavior: 

         𝑎 is positive and 𝑛 is odd, so graph starts low and ends high 

         Turning Points: 

             𝑛 − 1 = 4,  so there are either 4 or 2 turning points  

 

𝑓(𝑥) = −21𝑥8 + 2           End behavior: 

         𝑎 is negative and 𝑛 is even so, graph starts low and ends low 

         Turning Points: 

             𝑛 − 1 = 7,  so there are either 7 or 5 or 3 or 1 turning point(s)         

 

Factor Theorem and Remainder Theorem 

To check if (𝑥 − 𝑐) is a factor of 𝑓(𝑥), calculate 𝑓(𝑐) 

         If 𝑓(𝑐) = 0, then (𝑥 − 𝑐) is a factor of 𝑓(𝑥) and 𝑐 is a zero or root or x-intercept. 

         If 𝑓(𝑐) = 𝑅, then (𝑥 − 𝑐) is a not factor of 𝑓(𝑥) and 𝑅 is the remainder when 
𝑓(𝑥)

(𝑥−𝑐)
 

 

Example:     Determine if (𝑥 + 3) is a factor of 𝑓(𝑥) = 2𝑥6 − 18𝑥4 + 𝑥2 − 9 

                      Evaluate 𝑓(−3) = 2(−3)6 − 18(−3)4 + (−3)2 − 9 

                                                   = 0, yes, (𝑥 + 3 ) is a factor of 𝑓(𝑥) = 2𝑥6 − 18𝑥4 + 𝑥2 − 9 

 

          Determine if (𝑥 − 2) is a factor of 𝑓(𝑥) = 𝑥4 − 4𝑥2 − 5 

                       Evaluate 𝑓(2) = (2)4 − 4(2)2 − 5 

                                                  = −5, no, (𝑥 − 2) is not a factor of 𝑓(𝑥) = 𝑥3 − 4𝑥2 − 5 and −5 is the 

remainder   

                       Check using synthetic division 

                 

  2⌋    1     0    -4    0    -5 

                                       2    4    0     0 

                               1     2     0    0    ⌊−5    this agrees with the remainder found from 𝑓(2) 

 

 



Rational Root Theorem 

If all coefficients of 𝑓(𝑥) are integers, then all possible rational roots can be found by listing the ratios of 

                                                   ±
𝑝 

𝑞
  =   ±

𝑓𝑎𝑐𝑡𝑜𝑟𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑡𝑒𝑟𝑚

𝑓𝑎𝑐𝑡𝑜𝑟𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑒𝑎𝑑 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡
 

 

Example: List all possible rational roots for 𝑓(𝑥) = 𝑥3 − 𝑥2 − 5𝑥 − 3 

±
𝑝

𝑞
=  ±

1

1
, ±

3

1
    To find the actual rational roots, use synthetic division to determine which rational root will 

cause the remainder to equal zero. 

 

   1⌋    1     -1    -5      -3     

                    1     0      -5 

           1       0    -5    ⌊−8 ,      remainder ≠ 0, so 𝑥 = 1 is not a root of the polynomial 

 

−1⌋    1     -1     -5    -3    

                   -1      2     3 

            1     -2    -3    ⌊0 ,    remainder = 0, so 𝑥 = −1 is a root of the polynomial and (𝑥 + 1) is a factor 

                        

Rewrite 𝑓(𝑥) in factored form. 

𝑓(𝑥) = (𝑥 + 1)(𝑥2 − 2𝑥 − 3) 

          = (𝑥 + 1)(𝑥 + 1)(𝑥 − 3)  

So, the roots are 𝑥 − 1 𝑤𝑖𝑡ℎ 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑖𝑡𝑦 𝑜𝑓 2, 𝑎𝑛𝑑 𝑥 = 3 

 

Remember: even multiplicities of the roots cause the graph of the polynomial to touch the x-axis and odd 

multiplicities of the roots cause the graph of the polynomial to cross the x-axis. 

 

Fundamental Theorem of Algebra 

A polynomial of degree, n, has a total of n, complex roots. Remember that real numbers are included in the 

complex number system. 

 

Complex Conjugate Root Theorem 

If a polynomial has a complex root (𝑎 + 𝑏𝑖) then it must also have its conjugate, (𝑎 − 𝑏𝑖), as a complex root. 

This is also true for irrational roots, if a polynomial has a root (2 + √3) as one irrational root, it will also have 

its conjugate, (2 − √3) as the other irrational root. Complex and irrational roots come in pairs. 

 

It follows then by the Fundamental Theorem of Algebra, that if a polynomial has an odd number of roots, there 

must be at least one real root. 

 

Optional Practice Graphing Polynomial Equations     

On a separate sheet of graph paper, analyze and graph the polynomials. This means finding 

a) Find all the zeros and list their multiplicity. 

b) Determine whether the graph touches or crosses the x-axis at each x-intercept. 

c) Determine the possible number of turning points. 

d) Determine the end behavior. 

e) Find the y-intercept. 

f) Find the domain and range. 

g) Estimate the location of the turning points by assuming they occur midway between x-intercepts. 

h) Describe the intervals where the graph is increasing or decreasing. 

 

1.     𝑓(𝑥) = 2𝑥3 − 11𝑥2 + 14𝑥 − 3         2.     𝑓(𝑥) = 𝑥3 − 𝑥2 − 𝑥 − 15        

3.     𝑓(𝑥) = 4𝑥3 − 4𝑥2 − 7𝑥 − 2                   4.     𝑓(𝑥) = 2𝑥4 − 16𝑥3 + 38𝑥2 − 20𝑥 − 16        

          



Polynomial Functions          Name_____________________ 

Honors Precalculus 

 

New Concepts 

 

Descartes Rule of Signs   

The number of positive zeros in a polynomial function equals the number of changes in sign of 𝑓(𝑥) or that 

number reduced by multiple of 2. 

 

The number of negative zeros in a polynomial function equals the number of changes in sign of 𝑓(−𝑥) or that 

number reduced by multiple of 2. 

 

Example: Find the possible number of positive zeros and negative zeros for 

 𝑓(𝑥) = −4𝑥4 + 3𝑥3 + 12𝑥2 − 4𝑥 + 5             

 

Number of possible positive zeros: There are 3 changes in signs, so there could be 3 or 1 positive zeros 

 

Number of possible negative zeros: 

 𝑓(−𝑥) = −4𝑥4 − 3𝑥3 + 12𝑥2 + 4𝑥 + 5    

There are two changes in signs, so there could be 2 or 0 negative zeros 

 

 

Intermediate Value Theorem 

If a continuous function, 𝑓(𝑥) , with an interval, [𝑎, 𝑏], as its domain, takes values 𝑓(𝑎) and 𝑓(𝑏) at each end of 

the interval, then it also takes any value between 𝑓(𝑎) and 𝑓(𝑏) at some point within the interval. 

 

This can help to locate the zeros of the function. 

 

 

 
 

 

 

Example: 

Determine if there is at least one zero for the function 𝑓(𝑥) = 𝑥3 − 3𝑥2 + 0.5𝑥 + 1 on the interval [1, 3]. 
𝑓(1) = −0.5      

𝑓(2) = 2.5     Yes, since there is a change in sign of the y-values for 𝑓(𝑥) over the interval [1, 3], the function 

must cross the x-axis in between 1 and 3. 

 

 

 



Finding Local Maximum and Minimum Using the Derivative 

The slope of the tangent line, which is the derivative of the function, equals zero at local maximum and 

minimum points. 

 

Example: Find the location of the local maximum and minimum points of the polynomial using the derivative. 

𝑓(𝑥) = 2𝑥3 − 8𝑥2 + 8𝑥 − 2 

 

Use the definition of the derivative to find that 𝑓′(𝑥) = 6𝑥2 − 16𝑥 + 8 

Set this equal to zero to find the x-values of the maximum and minimum points. 

 

Factoring 6𝑥2 − 16𝑥 + 8 = 0 
(3𝑥 − 2)(2𝑥 − 4) = 0 

 

so 𝑥 =
2

3
 𝑎𝑛𝑑 𝑥 = 2. These are the x-values of the maximum and minimum points. To find the y-values, 

substitute the x-values in to the original equation. 

𝑓(0.67) = 0.37 

𝑓(2) = −2 

 

So, the local maximum occurs at (0.67, 0.37) and the local minimum occurs at (2, −2) 

 

 

Optional Practice Graphing Polynomial Equations     

 

On a separate sheet of graph paper, analyze and graph the polynomials. This means finding 

a) Find all the zeros and list their multiplicity. 

b) Determine whether the graph touches or crosses the x-axis at each x-intercept. 

c) Determine the possible number of turning points. 

d) Determine the end behavior. 

e) Find the y-intercept. 

f) Find the domain and range. 

g) Find the location of the turning points by using the derivative. 

h) Describe the intervals where the graph is increasing or decreasing. 

 

1.  𝑓(𝑥) = 𝑥3 − 2𝑥2 − 15𝑥 

 

2. 𝑓(𝑥) = 3𝑥3 − 3𝑥2 + 1 

 

3. 𝑓(𝑥) = 𝑥3 − 4𝑥2 + 5𝑥 − 1 

 

4. 𝑓(𝑥) = 4𝑥3 − 2𝑥2 − 𝑥 − 5 

 

 

 

 


